In this paper a new algorithm is proposed for tracking problems, in which the state evolves according to a linear difference equation and the measurement is a nonlinear function of a noise corrupted version of the state. The algorithm recursively generates Gaussian approximations of the conditional distribution of the target state given the current and past measurements. It differs from other 'moment matching' algorithms, such as the extended Kalman filter and its refinements, because it is based on an exact calculation of the mean and covariance of the updated conditional distribution. A special case of the algorithm, applicable to bearings-only tracking problems, is called the shifted Rayleigh filter. Simulations indicate that the shifted Rayleigh filter can match the accuracy of high order particle filters while significantly reducing the computational burden, even in some scenarios where the extended Kalman filter gives poor estimates or fails altogether. It is expected that the new algorithms will offer similar advantages for other kinds of tracking algorithms, including those involving range-only measurements.
INTRODUCTION
In this paper we provide a unifying framework for some recently proposed tracking algorithms, to which we give the name 'covariance matching nonlinear filters'. These algorithms aim to improve on available moment matching algorithms [1], [6] , by taking account of the detailed structure of the nonlinear functions involved, and thereby to extend the applicability of moment matching algorithms into new areas where previously they have failed to provide satisfactory estimates. An additional goal is the enhancement of particle filters through the provision of improved proposal distributions [5] .
The tracking problem considered is recursively to compute the conditional distribution p(xt Yl:t) of the current value xt of the n-vector state process {xt}, given the current and past values Yl:t : yl, . , Yt } of the k-vector measurement process {yt}.
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For purposes of constructing covariance matching nonlinear filters, it is assumed that the evolution of the state is governed by a first order affine difference equation with additive noise term. The measurement is taken to be a nonlinear function of the 'displacement' dt with additive noise. The displacement is typically interpreted as a vector of components of the state that are the Cartesian coordinates (in 2 or three dimensional space) of target position relative to the sensor platform. Thus, Covariance matching nonlinear filters applied to bearingsonly tracking problems, named shifted Rayleigh filters, have been extensively studied. Versions of the shifted Rayleigh filter, that allow for multiple sensor platforms, clutter and manoeuvering targets have also been proposed. Earlier simulation studies indicate that the shifted Rayleigh filter is very competitive with other bearings-only tracking algorithms. Even in some challenging scenarios, in which the extended Kalman filter and its refinements provide poor estimates or fails altogether, the shifted Rayleigh filter achieves the accuracy of particle filters while greatly reducing the computational burden. In this paper, we show that the ideas behind the shifted Rayleigh filter extend beyond bearings only tracking. Following through their implications for other classes of tracking problems is the subject of current research.
THE COVARIANCE MATCHING NONLINEAR
FILTER.
needs to be modified; it turns out that the 'correct' modification is precisely the random term Kt FtKfT
The practicability of this algorithm hinges on whether it is possible to calculate the moments (t and Ft. In the cases we consider below, they are expressible in terms of rapidly executable MATLAB library functions, or simple quadratures (i.e., the numerical evaluation of integrals in one independent variable). The algorithm 'takes account of the detailed structure' of the nonlinearities arising in a particular scenario, as earlier claimed, to the extent that these nonlinearities affect the calculation of (t and Ft.
ANALYSIS
In this section we provide a theoretical justification of the algorithm. Specifically, we show:
Suppose that p(xt-1 y:t-) = 1\(,t-Pt-)(xt-) 
Here, { w } is an r -1 dimensional white noise process (independent of { vt } and xo). It is assumed that W' -JV(0j,U21(r-1)x(r-i)),forsome oT2 > 0.
Application of the shifted Rayleigh filter requires us to replace the measurement process model by the 'noise before nonlinearity' model (4.2) in which {wt} is a white noise process (wt J-V(0, Qm)).
It is shown in [2] The simulations to follow indicate that this is a suitable choice also in the case r = 3.
In earlier 'bearings-only tracking in the plane' simulations, the shifted Rayleigh filter compared very favorably with the extended Kalman filter, the unscented Kalman filter, the pseudomeasurement filter and bootstrap particle filters, as regards computational efficiency and accuracy of estimation.
Range-Only Tracking: Now consider the application of the covariance matching nonlinear filter to range only tracking. In this case, the measurement Yt at each scan is the Euclidean length of the noise corrupted displacement d'. Thus <(d') = c id'l 1. These formulae involve merely the evaluation of trigonometric functions and quadratures in one independent variable. Work on computationally efficient techniques for the evaluation of these functions is in progress. We merely mention here that the quadrature involves computation of the zero'th, first and second Fourier coefficients of the periodic function p(dtlt-1, 0) on [0, 27] (for fixed dtjt_ ). In benign cases, this can be accomplished very rapidly, using FFT techniques, though situations in which the density is very peaky require refined quadrature formulae. The issue of choosing the noise covariances in a 'noise before nonlinearity' measurement process to approximate a 'noise after nonlinearity' measurement process, in the context of range-only tracking, is also under investigation.
SIMULATIONS
In this section we briefly report on a simulation study comparing the shifted Rayleigh filter with the extended Kalman filter. The scenario considered is essentially that used earlier by Karlsson and Gustafsson [7] in their comparison of particle filter and extended Kalman filter performance. Angle observations (azimuth and elevation) are taken of the position of a non-manoeuvering target in 3 dimensional space. The variance of the noise on both azimuth and elevation angle measurements is 10-3 rad. The sensor platform follows a sinusoidal path in the horizontal plane. The target, which is non manoeuvring, follows a straight-line path in a plane 4000 m above the horizontal plane in the absence of noise. A constant acceleration model, driven by a discrete time white noise process having variance 4 (ms-2)2, is used to generate the actual motion of the target. The standard deviation for the initial velocity of the target used to calculate P0 was 500 ms-1. (This is precisely the scenario summarized in [7] and described in greater detail in [8] , except that, in these references, the standard deviation for the initial velocity of the target was taken to be 200 ms-1). Fig.1 shows the projection of target position and sensor platform position on the horizontal plane.
Both the covariance matching nonlinear filter (in this case the shifted Rayleigh filter for displacements in 3 dimensional space) and a first order extended Kalman filter (in Cartesian coordinates) were applied to the problem of estimating the position of the target. In the simulations, the measurement process was modelled as 'azimuthal and elevation angles plus white noise'. But the shifted Rayleigh filter was implemented using a 'noise before non-linearity' measurement model, constructed along the lines proposed in Section 4. Fig. 2 Earlier simulation studies give evidence of the benefits of the shifted Rayleigh filter for bearings-only tracking problems 'in the plane'. The simulations reported in this paper show, for the first time, that the shifted Rayleigh filter performs well also in 3 dimensional space. For the scenario here considered, Karlsson and Gustafsson found that a higher order particle filter improved significantly on the performance of a refined version of the extended Kalman filter (a range parameterized extended Kalman filter, based on a modified spherical coordinate system). Comparing the performances of the shifted Rayleigh filter in 3 dimensional space and the particle filter will be the subject of a further study. 
